TOPOLOGICAL PROPERTIES OF PUNCTUAL HILBERT SCHEMES OF 
ALMOST-COMPLEX FOURFOLDS (II) 
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Abstract. In this article, we study the rational cohomology rings of Voisin's punctual Hilbert 
schemes x'"' associated to a symplectic compact fourfold X. We prove that these rings can 

be universally constructed from H*{X,Q) and c-^^{X), and that Ruan's crepant resolution con- 
jecture holds if Cj^(X) is a torsion class. Next, we prove that for any almost-complex compact 
' fourfold X, the complex cobordism class of x'"' depends only on the cobordism class of X. 
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1. Introduction 

The punctual Hilbert schemes of a smooth quasi-projective surface have been intensively 
studied in the past twenty years, starting with the works of Gottsche, Nakajima, Grojnowski, 
Lehn and others (see e.g. |Go Ij ). These Hilbert schemes present a strong geometric interest 
because, among many other properties, they are smooth crepant resolutions of the symmetric 

[nl 

products of the surfaces. If X is a K3 surface, X are hyperkahler varieties by a result 

of Beauville [Bej and Ruan's conjecture predicts that for all positive integer n, iJ*(X^"',C) 
is isomorphic as a ring to the orbifold cohomology ring of S^X defined by Chen and Ruan 
|Ch-Ruj . |Ad-Le-Ru] . This is obtained by putting together results of Lehn-Sorger on the Hilbert 
scheme side |Le-So-lj with the computations done in |Fa-Go| and |Ur] on the orbifold side. 
The isomorphisms between //*(x'"',C) and Hqyi{S"'X,C^ made it clear that the cohomology 
rings of punctual Hilbert schemes of a K3 surface depend only on the deformation class of the 
complex structure on X in the space of almost-complex ones, since Chen-Ruan cohomology is a 
purely almost-complex theory. This is more generally the case for arbitrary projective surfaces: 
the description of the cohomology ring of Hilbert schemes done in |Le] and |Li-Qi-Wa-2 shows 



that H*(^X depends only on the ring H*{X,<Q) and on the first Chern class of X in 

H'^{X,Q). In the same spirit, it is proved in |El-Go-Le] that the complex cobordism class of 

[nl 

X depends only on the complex cobordism class of X. These facts received an explanation 
by a recent construction of Voisin |Vo 1| : for any almost-complex compact fourfold X and any 

[nl 

positive integer n, it is possible to construct a punctual Hilbert scheme X which is a stable 

[nl 

almost-complex differentiable manifold of real dimension 4n. Besides, X is symplectic if X is 
symplectic |Vo 2j . 

In Nakajima's theory |Nalj , the correspondence action of the incidence schemes on the coho- 
mology groups of Hilbert schemes is the main ingredient to understand their additive structure 
via representation theory. This approach has been carried out for the almost-complex case in 
|Grilj . Our first aim in this paper is now to study the multiplicative structure of the rational 
cohomology rings of almost-complex Hilbert schemes, generalizing the work of Lehn |Le| and 
Li-Qin-Wang |Li-Qi-Wa-2| . We obtain a satisfactory result in the symplectic case: 

Theorem 1.1. If {X,uj) is a symplectic compact four-manifold, the rings i7*(x'"'',Q) can be 
constructed by universal formulae from the ring H * (X, Q) and the first Chern class of X in 

H\X,Q)- 

When X is projective, Lehn uses in an essential way algebraic curves on X via their sym- 
metric products imbedded in the Hilbert schemes to determine some excess intersection terms 
arising in correspondences computations. This argument fails a priori as soon as X is not alge- 
braic, since there is no pseudo-holomorphic curve on X for a generic almost-complex structure 
on it. However, Donaldson's theorem on symplectic submanifolds [Doj allows to produce many 
paseudo-holomorphic curves for arbitrary small perturbations of a fixed almost-complex struc- 
ture. As a corollary of an effective version of Theorem I l.H we obtain the cohomological crepant 
resolution conjecture for symplectic fourfolds with torsion first Chern class: 

Theorem 1.2. Let {X,uj) be a symplectic four-manifold with zero first Chern class in H'^[X,Q). 

Then for any positive integer n, H*(^X^"'\ C) is isomorphic as a ring to H^^i^S'^X, C) . 

This result provides many examples where Ruan's conjecture holds in the symplectic category. 
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The second part of this article deals with the cobordism classes of almost-complex Hilbert 
schemes. The main result is the following: 

Theorem 1.3. Let (X, J) he an almost- complex compact four-manifold. For any positive integer 

[nl 

n, the complex cobordism class of X given by its stable almost-complex structure depends only 
on the complex cobordism class of X. 

The proof of [El-Go-Le] for projective surfaces is rather delicate to adapt here because coher- 
ent sheaves, contrary to algebraic cycles or vector bundles, have no equivalent in almost-complex 
geometry. However, it turns out that the classical proof can be carried out in a relative context 
on spaces fibered in smooth analytic sets over a singular differentiable basis. 

Acknowledgement. I want to thank my advisor Claire Voisin whose work on the almost- 
complex punctual Hilbert scheme is at the origin of this article. Her deep knowledge of the 
subject and her numerous advices have been most valuable to me. I also wish to thank her for 
her kindness and her patience. 

2. The almost-complex Hilbert scheme 

In this section, we recall definitions and fundamental properties of almost-complex Hilbert 
schemes for the reader's convenience. More details can be found in |Gril| . |Vo 1) and |Vo 2j . 

2.1. Definitions and basic properties. Let {X,J) be an almost-complex compact fourfold. 
For all n G N*, we introduce the incidence set 

Z„ = {{x,p) in S'^X X X such that p£X]- 

Let us fix a Riemannian metric g on X, and e sufficiently small. 

Definition 2.1. Let B be the set of pairs {W, J'"') such that 

(i) is a neighbourhood of Z„ in S'^X x X. 

(ii) J'^'^' is a relative integrable structure on the fibers of pr^^ : W — ^S^X depending 
smoothly on the parameter x in S^X. 

(iii) sup W-K^^ip) - Jt{p)\\. < 

For e small enough. Be is nonempty and weakly contractible. 

Definition 2.2. Let {W, J^'^^) be a relative integrable structure in B. The topological Hilbert 
scheme X^jIa is the subset of V^j."] defined by -'^^"li = in W^l-ei s^^'^ HC{^) = x }, 

[nl 

where HC : — ^S^W^ is the usual Hilbert-Chow morphism. 

To obtain a differentiable structure on ^jLi^ Voisin uses relative integrable structures in a 

contractible subset B' of B satisfying some additional geometric conditions. Her main result is 
the following: 

Theorem 2.3. [ Vo 1] . |Vo 2j Let J^*^^ be a relative integrable structure in B' . Then 

(i) ^^li ^'^s a natural differentiable structure. Furthermore, if J'^^^ is another relative 
integrable structure in B' , X^jLi ^.i^d -'^^Li canonically isomorphic modulo diffeo- 



morphisms isotopic to the identity. 
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(ii) There is a canonical Hilbert-Chow map HC : ^jLi — ^S"'X whose fibers are homeomor- 

phic to the fibers of the usual Hilbert-Chow morphism for projective surfaces. 

(iii) ^^li can be endowed with a stable almost- complex structure. 

(iv) // X is symplectic and J^^^ is compatible with the symplectic structure, X^^j^^ is also 
symplectic. 

For arbitrary relative integrable structures, this theorem has the following topological form: 
Theorem 2.4. [GriT] 

(i) Let J^^^ be a relative integrable structure in B. Then is a topological manifold. 



(ii) // {_Jt'^^^ t&B{o r)cR'* ^ smooth path in B, then the associated relative topological Hilbert 
scheme (X^"^, | J/'^^j^^^^Q over B[0,r) is a topological fibration. 

(iii) For any x in S^X and any integrable structure in a neighbourhood of x sufficiently 

In] 

close to J, the Hilbert-Chow morphism HC : X — ^S'"'X is locally isomorphic over a 

In] 

neighbourhood of x to the classical Hilbert-Chow morphism HC : {/^ — ^S^U^ . 
Point (ii) implies that for any couple [J'^^\ J'^^^) of relative integrable structures in B, X^J'j^^ 

In] 

and ^j, Tci homeomorphic and the isotopy class of this homeomorphism is canonical. There- 
fore, there exist canonical rings H*(^X^^\ Q) and i^(X^"'') such that for every relative integrable 
structure J'"^ in B, H*{X^"'\q) is canonically isomorphic to H*{X^^li,Q) and K(x'"') to 

K{x^;L). 

Point (iii) implies that Gottsche's classical formula for the Betti numbers of punctual Hilbert 
schemes also holds in the almost-complex case (see |Gri2] ). 

2.2. Incidence varieties and Nakajima operators. If n, m S N*, let 

^nxm = {(^1 2/) P) in X S'^X X X such that p e xUy}- 
Relative integrable structures in a neighbourhood of Z^^^ will be denoted by Jnxm- 
Definition 2.5. 

(i) If [W^, Jnxm) s-^d (^2' '^nxm) ^^^^ two relative integrable structures in neighbourhoods 
of Znxmj product Hilbert scheme (x'"'^'™', Jnxmi ^nxm) is defined by 

/^[n]xH .l,rel j2,reU_r,. h ,A wN y W^'^^ 
1 -^nxm^ '^nxm) ~ ^ ±^> y_) l^reX ^ S"XxS"^X '^'^2, rel 

such that HC{0 = x and HC{C') = y}- 

(ii) If m > n and (W,J'^'^^, is a relative integrable structure in a neighbourhood of 

^ ' \ ' nx{m—n)/ ° 

Znx(m-n)-, the incidence variety is defined by 

{X^'^'''\jnL) = {(e, y) in ^sr^XxS-X 

such that i C i', HC{0 = X and HC{C') = xUy}- 
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As it is the case for topological Hilbert schemes, the product Hilbert scheme and the incidence 
varieties are uniquely defined up to homeomorphisms isotopic to the identity. 

Let {W,J^''^J, (H^.CxV-n))' and {W",J^') be relative integrable structures in 

neighbourhoods of .^^xm) ^nx{m~n)i arid Z^. We introduce the following set of compatibility 
conditions of relative analytic spaces (see Section [6. ip : 

(1) W X s^XxS'^x (S^X X S"™ ""X) C W, where the base change map is (x, y)i — ^ (x, x U y). 

(2) W X {S^X X 5™ "X) C W ^ where the base change map is the first projection. 

(3) W" Xgmx (5'"^ X S'™""^) C W, where the base change map is {x,y)h^ xUy. 

- If (1) holds, there is a natural embedding of (x^"*'"', Jnx{m-n)) (x'"'^^™^, J^x-rm Jnxm)- 

- If (2) holds, there is a natural morphism A from (x^™'"', J^x{m-n)) {X^"'\ J^^^)- 

- If (3) holds, there is a canonical morphism u from 

Unfortumately, conditions (2) and (3) cannot hold at the same time. However, since ^W^l™! ig 
canonically homeomorphic up to isotopy to X^"' x x'™"', one still has morphisms from x'"*'"^ to 
x'"' and x'™"' whose homotopy classes are canonical. They will still be denoted by A and u. 

The incidence varieties X^™'"' are locally homeomorphic to the integrable model JJ^^'"^^ where 

U is an open set of C^. This allows to put a stratification on x'™'"'. In this way, X^*"'"' is a 
stratified topological space locally modelled over an analytic space, so it has a fundamental 
homology class. 

The construction by Nakajima and Grojnowski of representations of the Heisenberg super- 
algebra of H*{X,Q) into H := ©^gpjff*(x'"^, Q) via correspondence actions of incidence vari- 
eties done in |Nal] and |Grj also holds in the almost-complex setting: 

Theorem 2.6. |Gril] // (X, J) is an almost- complex compact fourfold, Nakajima operators 
qj(a), i £ Z, a £ H*{X,Q), can be constructed. They depend only on the deformation class of 
J and satisfy the Heisenberg commutation relations: 

yijGZ, ya,{3eH*iX,q), [q,(a),q^.(/3)] =i6,^^^^U a/?) idjj . 

Furthermore, these operators induce an irreducible representation of T-l(^H*{X,Q)^ in H with 
highest weight vector 1. 

3. The boundary operator 

The aim of this section is to carry out for symplectic fourforlds Lehn's computation of the 
boundary operator done in |Lej . The first part of Lehn's argument can be adapted to the almost- 
complex case as in the proof of Nakajima relations done in |Gril| . This is explained in Section 
13.11 The result of Section 13. 2^ based on Donaldson's symplectic Kodaira's theorem allows to 
carry out in section [3^31 the second part of Lehn's argument when X is symplectic. 

3.1. Lehn's formula in the almost-complex case. Let (X, J) be an almost-complex com- 
pact fourfold and let T be the trivial complex line bundle on it. If J^^ is a relative structure 

In] In] 

in a neighbourhood of Z„, there is a relative tautological bundle T , on W J whose restriction 
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to the fibers {W^^\j'f) are the usual tautological bundles (O If t'"^ = t'"] T^^^ 

satisfies the following properties (see [Grilj ): 

(i) The class of T^"^ in is independent of J^'^^. 

(ii) — 2C]^(t'"') is Poincare dual with Q-coefficients to where 

_ I (^^^2;) in X^"^ such that there exists p in x with lengthp(^) > 2| 
is the so-called boundary of X^"'. 

(iii) If A : ^x'"^ and v : x^^^^'''' — ^X^''^^^ are the usual homotopy classes, D is 
the exceptional divisor in ^["+^'"1 ^nd F is the complex line bundle on ^["+-^'"1 whose 
first Chern class is Poincare dual to — then A* t'"""*^^' — v* t'"^ = F in X (x'""*^^'"') . 

We recall Lehn's definition of the boundary operator: 

Definition 3.1. Let M = 0„>o * (x'"^, Q) . 

(i) The boundary operator t) : H — is defined by f [(an.)„>o] = Uan)^^^- 

(ii) If A is an endomorphism of H, the derivative A' of A is defined by the formula 

A' = [d,A] = doA- Aod. 

We now state the following result: 

Theorem 3.2. Let (X, J) be an almost-complex compact fourfold. There exist classes (en)„>g 
in H^{X,Q) such that 

yn,m£Z, Va,/3 G F*(X,Q), [q'^{a) , q^{f3)] = -nmq„+„(a/3) + (5„+^^o(^^ e|^^|a/3) idjj . 

Proof. Let n, m be positive integers such that m > n, Jnx(^m-n) ^ i^^lative integrable structure in 
a neighbourhood of ■^„x(m-n)' ^^'^ -^iTrd complex bundle on whose restriction 

to the fibers W^"!'"^ are the kernels of the natural surjective morphisms from (O [m,n])^"*^ to 

{0,m,r.,fK Weput/t^'"l=/K, Thenl[,"^'"l = z.*Tl"+^]-A*T["linK(x["''"l),the 

proof being similar to |Grilt Proposition 3.5]. This allows to prove that correspondences behave 
well under derivations: 

Lemma 3.3. Let u be a class in H^{X^"''''\q) and : H * {X^''\ ^ H * {X^"'\ be the 
associated correspondence map. Then (n^,)' = [u n C;^ (/!j!*' ) ] ^ . 

Proo/. Let A: X["'"l^xf"] and : x'™'"! ^x'™' be the usual maps. The identity 
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is satisfied in i^fx''"'"^. Thus 



(n,)V = q (t[™]) U n,r - {c, (t["') U r) 



(i/,(unAV)) nci(T['"l) -i^,(nnA*(ci(TN) ur)) 

PZ)-iz.i[txnci(ilr^'"l)]nA*T). 



PD-^ 



□ 

By this lemma, to prove the theorem it suffices to compute the commutator of two corres- 
pondences. We adapt Lehn's proof exactly as in [Gril] for the Nakajima relations. This yields 
(see [Gri2] for a detailed exposition): 

* For aU m, n in Z with in ^ n, [q^(a), qm(/3)] = ^n,m (\n+m{'^P)^ where 

* For all n in Z, [q^(a), q_„(/5)] = [f-^ e^^^ q/3) idjj, where the classes e^^^ belong to H'^{X, Q). 

The terms ^n,m. and Cn are the excess contributions. The multiplicity ^n,m can computed 
locally on X, so that Lehn's proof applies and gives ^n, m = —nm. However, this is not the case 
for the class Cn which involves the global geometry of X. □ 

Corollary 3.4. When a runs through a basis of H*(X,'Q)! the operators £) and c\i{c() generate 
H from the vector 1 . 

Proof. This is a consequence of the relations [^^(q;), (7m(l)] = ~''T^Qm+ii'^)^ m G N. □ 

3.2. Holomorphic curves in symplectic fourfolds. Until now, we have only considered 
integrable structures in small open sets of (X, J) . To compute the excess classes Cn , we will 
construct pseudo- holomorphic curves in X for perturbed almost-complex structures. To do so 
we use the following theorem of Donaldson [Do], which is a symplectic version of Kodaira's 
imbedding theorem: 

Theorem 3.5. [Do] Let {V, oj) be a symplectic manifold of dimension 2n such that u is an 
integral class. If h is a lift ofco in H'^{V, Z), then, for k ^ 0, the classes PD{kh) in -f^2n-2(^' ^) 
can he realized by homology classes of symplectic suhmanifolds. More precisely, if J is an almost- 
complex structure on V compatible with to, it is possible to write PD{kh) = \_S^ for k large 
enough, where 5^ is a J /^-holomorphic codimension 2 submanifold in V and WJ^ — J\\qo ^ C j^fk. 

We apply this theorem to our situation: 

Corollary 3.6. Let (X, w) he a symplectic compact fourfold and J an adapted almost- complex 
structure on X. Then there exist almost- complex .structures ('^i)i<j<^ arbitrary close to J and 

J--holomorphic curves (Ci);^<j<jY ^'^^^ that: 

(i) For all i, J- is integrable in a neighbourhood of C^. 

(ii) The classes [Cj span H2{X,Q). 

Proof. We pick a^, . . . , in H'^{X, M) such that the w + a^'s are symplectic forms in H'^{X, Q) 
which generate H'^{X,Q). There exist almost-complex structures ('^j)i<j<jv adapted to {uj + 
'^i)i<i<N arbitrary close to J if the a-^s are small enough. For suitable sufficiently large values 
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of m, the symplectic forms m{u} + a^) are integral and Donaldson's theorem applies. We obtain 
J-holomorphic curves (C'i)i<j<jv where J- is arbitrary close to J- and [C-] = PD(^k^{uj + a-)) in 
H2{X,Q). Let U- be a small neighbourhood of the zero section of N^^^. We identify U- with 

a neighbourhood of C- in X. Since dimC^ = 2, J^id is integrable. Since C- is J-holomorphic, 
A^„ ,„ is naturally a complex vector bundle over the complex curve C-, so that we can put a 

O./A 

holomorphic structure on it. This gives an integrable structure J- on U- such that Jl\Ci = "^ilCr 
We glue together J- and in an annulus around C-. The resulting almost-complex structure 
can be chosen arbitrary close to if is small enough. □ 

3.3. Computation of the excess term in the symplectic case. Our aim in this section is 
to prove the following theorem: 

Theorem 3.7. If {X,uj) is a symplectic compact fourfold and J is any almost- complex structure 
compatible with ui, the excess contributions Cn of Theorem \3.S\ are given by 

VnGZ, = ^n2(|n|-lK(X). 

This means that for all n,m in and for all a, /3 in H'^{X, Q), 

Proof. If X is a smooth projective surface, this theorem is due to Lehn (|Le], Th. 3.10). First 
we sketch his argument, then we adapt it in the symplectic case. 

In this proof the notation [Z] will be used to denote the cohomological cycle class of a cycle 
Z, and its the homology class as it was previously the case. 

If X is a smooth projective surface and C is a smooth algebraic curve on X, results of 
Grojnowski and Nakajima ( |Gr] . |Na2] ) describe explicitely the class [C^"^] in //^"(x'"^, Q) in 

terms of the classes q ([C]) . . . q. {[C]) . 1, where i^, . . . ,ij^ are positive integers of total sum n. 

Let Xq""' be the set of schemes in X^"' whose support is a single point. If 3C'"' = C^"^ nc^x'""', 
the term I = [-^o"'] • [t^c'"'] can be computed in two different ways: 

(i) The integral / is equal to q_„(l) ([5(7^"']). Since C^""^ and 9X^"^ intersect generically 
transversally, [dd''^] = [ax'"'] . [C^"^] = -2ci(T") . [C^^^] = -2c)[cf"']. Therefore, / is a li- 
near combination of terms of the form q_„(l) q. ([C])...q' ([C])...q. ([C]) . 1, where i]^, 
are positive integers of total sum n. These terms vanish except for: 

- N = l,i,=n. Then q_„(l) q'J[C]) • 1 = - / e„ . [C]. 

Jx 

- X = 2, + Z2 = n. Then q_„(l) qfc([C]) q;„fc([C]) . 1 = and 

q_„(l) q',{[C]) q„_fc([C]) .l = -nk q,_J[C]) q„_,([C]) . 1 = nk{n - k) [C]\ 



This computation gives I = — [ e„ . [CI + ( ) [C]^. 

n Jx V2/ 



TOPOLOGICAL PROPERTIES OF PUNCTUAL HILBERT SCHEMES 



9 



(ii) The cycle c'"^ intersect transversally Xq"^ in its smooth locus and C^"' PiXq"^ = Cq"^ ~ C. 
Therefore / = /^^ . [d^^] . [^X^] = deg^ [0^(„, {dX^^^)] = deg^ (acl"!)] , which 

is —n{n — 1) deg^i^jsj^ by direct computation. 

In the algebraic case, the excess terms e„ lie in the Neron-Severi group of X so that it is 

enough to prove that for every smooth algebraic curve C, / e„ n^(n — 1) c^{X) . [C] = 0. 

L 2 J 

This is proved by comparison of the two expressions obtained for /. 

Let us now suppose that {X,uj) is a symplectic compact fourfold and that J is an adapted 
almost-complex structure on X. If 7 G H*[X) is a class of even degree, we define the vertex 

operators {Sm{l))^-^Q by the formula Em>o •^''"(t) = exp (En>o ' ^nil) • Since 7 

is of even degree, the operators (li(7))j>o commute in the usual sense, and the definition of 

Smin) makes sense. 

Lemma 3.8. ( |Gr| . |Na2j in the integrable case). Let J he an almost- complex structure close to 
J, and let C be a J -holomorphic curve. Suppose that J is integrable in a neighbourhood of C . 
Then =Sn{[C]).l. 

Proof. Since the Nakajima operators are invariant by deformation of the almost-complex struc- 
ture, we can make the computations with almost-complex structures equal to J when all the 
points are near C. Let J7 be a small neighbourhood of C such that J is integrable in U . Then, for 
any positive integers n and m such that m > n, the Hilbert schemes x'™"', x'"^ and the incidence 

variety X^™*"' are the usual integrable ones over 5""C/, S^U and S^U x S^~^U respectively. 

bmce Lemma ESI holds in iJ^n (u^^'i n) 

we are done. □ 



If (C, J) satisfies the hypotheses of Lemma 13.81 Lehn's computations recalled above apply 

verbatim and give / e„ n^(|n| — 1) c^{X) . [C] = 0. By Corollarv l3.6| H'^{X, Q) is spanned 

L 2 J 

by cohomology classes of such holomorphic curves. This gives the result. □ 

The derivative of the Nakajima operators can be explicitely computed in terms of the Virasoro 
operators -Gn(a) defined in |Lel Section 3.1]: 

Corollary 3.9. If{X,u}) is a symplectic compact fourfold and J is a compatible almost- complex 
structure, then for all n in Z, c|^(a) = n£„(a) — ^ n{\n\ — l)q„(c]^(X) a) . 

For the proof, see [Let p. 180] . 

4. The ring structure of H*[X^'^\Q) 
4.1. Geometric tautological Chern characters. Let {X,J) be an almost- complex compact 
fourfold. A: X["+'1^X["1, v. ^l^+i'"] ^x'^+'l, p : x^^+^'^l^X the three associated 
maps, which are canonical up to homotopy, and D C j^["+^>"] ^j-^g exceptional divisor. 

If ii^ is a complex vector bundle on X, it is possible to associate to E a. sequence of tautological 
vector bundles (-£''"0n>o x'"'. These tautological bundles are constructed in |Grilj using 
relative holomorphic structures on i?, and their classes in X-theory are shown to be independent 
of these auxiliary structures. This defines tautological morphisms from K{X) to i^'(X^"^). 
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Let F be the complex line bundle on ^'"^^'"^ such that c^{F) is Poincare dual to — 
Then (see [GHTl 3.2]), u*E^''^^^ = A^E^'"' + p*E(S)F in ^(xt""^^'''') . This gives the relation 
i/*(ch = A*(ch(E["])) +p*ch(^).Ci(F) in Q). 

Lemma 4.1. For every class a in H^^'^^{X,Q) ctnd every n in N*, there exists a unique class 
G{a,n) in Q) such that G{a, 1) = a, and for all n m N*, 

u*G{a,n + l) - X*G{a,n) =p*a.ci{F). 
Proof. By the degeneration of the Atiyah-Hirzebruch spectral sequence from iC-theory to coho- 
mology with Q-coefiicients, we have isomorphisms ch : (X^"^) ®^ Q^^ii''^™" (x'"^ , Q) . There- 
fore, we can define the classes G{a,n) in Q) as follows: if E is the unique class in 
K{X)(>i)^Q such that ch(£') = a, then G{a,n) = ch(£''"^). Furthermore, G{a,n) is unique since 
1^*1^* = ^-r id. □ 

* n+1 

4.2. Virtual tautological Chern characters. This section is somehow technical and can be 
omitted if we suppose that b^{X) = 0, that is if H°'^'^{X, Q) = 0. The purpose here is to extend 
Lemma STT] to odd-dimensional cohomology classes. We adapt the method originally developed 
in the projective case by Li, Qin and Wang in |Li-Qi-Wa-2| . 

Proposition 4.2. For every class a in H*(X,Q) and every n in N*, there exists a unique class 
G{a,n) in F*(x'"',Q) such that G(a, 1) = a and for all n G N*, 

v*G{a,n + l)- \*G{a,n) =p*a.ci{F). 

[nl 

Remark 4.3. If X is projective and l^j C X x X is the incidence locus, it is proved in 
|Li-Qi-Wa-2| that G(a, n) = pr^* [ch(C' ) . pr^ a . pr^ id{X)] . 

Proof. We use the relative trick and the machinery of relative coherent sheaves developed in the 
appendix. Since these methods are going to be explained thoroughly in the second part of the 
paper with similar computations (e.g. in Section [5. 4p . we skip some lengthy details. 

If X is a relative smooth analytic space and 3 a relative analytic subspace of X (see Definition 



16. 1|) . we will denote lim H^,^-^{X', Q) by H^(X, Q), where in the projective limit X' runs through 

X' 

all open relatively compact relative analytic subspaces of X. 

If is a neighbourhood of Z„ in 5"X x X, 2}„ is the relative incidence locus and On'^^ is the 

relative incidence sheaf on M^j."] Xs"X ^ (^^^ Definition 15.31 and Definition 15. 4|) . the topological 

class of lies in lunK^^^^^ (X'). Let vr : W^X , p : x^^^ W^^W^Jj be the natural 

projections. We define the following cohomology classes: 

* Pn^ is the Chern character of CT' in H* (Ty["j x^„^ W,Q). 

* G{a,ny'^ = p,[p^'\7r* a .71* tdiX)] in^* (l^I^j, Q) . 

* G{a,n) = G(Q,n)^'J^[„]. 
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We take the notations introduced at the beginning of Section [5 .31 so that W wiU be from now on 

rel ^ 5"XxX ^ rcl 



a neighbourhood of Z„xi in x X. Let tt : P^^X, ^) : W"'""*"^'"^ Xs"XxX 



and (? : X gnxxX ^ — ^^rei natural projections. We define new cohomology classes: 

* Jif = ch(ar') in i?* Xg^^ VF,Q), where 2)„ = supp(dr^). 

* G(a, n) '"^ = q, [Jln^ . vr *a . ^ * td(X)] . 

Then t/;^ G{a, n + 1) ''"^ - (/)^G(a, n) "''^ = [(■0^^ /i^^^ - Mn*"^) • tt *a . vr * td(X)] . Lemma 
15.131 shows that this quantity is equal to p^, [p* ch (£) . p*^^ ^ ch(0'^'^' ) . 7r*a . vr* td(X)] , which 

rcl 

is equal to ch(£) p*^] r* [ch(C' "^"^^ ) . vr *a . vr * td(X)] via the second diagram of the proof of Propo- 

rcl 

sition [^TT^ Using the same argument as in proof of Lemma 15.151 (iv), 

[^/;^G(a,n + l)'''^-(/){^G(a,n) , = ch(£) [„+i „, /)* [pr^^ ch(C°° ) .a. td(X)] 

which is equal, by the Grothendieck-Riemann-Roch theorem of |At-Hi] applied to the diagonal 
injection, to c^{F) .p*{a). To conclude the proof, it suffices to show that 

■^wGioL.n^Xy^ =zy*G(a,n + l) and '/'^ G(a,n) , „+i^„, =A*G(a,n). 

This is performed exactly as in Lemma l5.15| (i)-(iii). □ 

4.3. The ring structure and the crepant resolution conjecture. In this section, X will 
be a symplectic compact fourfold endowed with a compatible almost-complex structure. 

We introduce operators acting on H = 0^^gj^ if * (x'"^, Q) by cup-product with the compo- 
nents of the virtual tautological Chern characters constructed in Section 14.21 

Definition 4.4. Let a E i/*(X, Q) be a homogeneous cohomology class. Then 

(i) G-{a,n) denotes the (|a| + 2i)-th component of G{a,n). 

(ii) denotes the operator H which acts on H*(X^"'\q) by cup product with G^{a,n). 

Then the following result, originally proved by Lehn for geometric tautological Chern char- 
acters and generalized by Li, Qin and Wang for the virtual ones, is still valid: 

Proposition 4.5. For all a, (3 in H*{X,Q) and for all k in N, [e^(a), qi(/3)] = 

Proof. This is a consequence of Lemma 13.31 and Proposition 14.21 (see |Lel Theorem 4.2]). □ 

We can now state some significant results on the cohomology rings of Hilbert schemes of sym- 
plectic fourfolds. These results are known in the integrable case and are formal consequences of 
the various relations between q„(a), i), £n(a) and 6j(a) (see e.g. Theorem 2.1 in |Li-Qi-Wa-3| ), 
even though there is a lot of nontrivial combinatorics involved in the proofs. Thus the following 
results are formal consequences of Theorem 13.71 Corollary 13.91 and Proposition 14.51 

Theorem 4.6. If < i < n and a runs through a fixed basis of H*(X,'Q), the classes G^{a,n) 
generate the ring H * (x'""' , Q) . 

This result was initially proved in |Li-Qi-Wa-2 using vertex algebras. For other proofs, see 
|Li-Qi-Wa-l| and |Li-Qi-Wa-3| . 
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Theorem 4.7. For every integer n, the ring H*(^X can be built by universal formulae 

from the ring Q) and the first Chern class of X in H'^{X,Q). 

For the proof as well as an effective statement, see |Li-Qi-Wa-3| . 

There is a geometrical approach to the ring structure of H*(^X^^\q^ through orbifold coho- 
mology. If J is an adapted almost-complex structure on X, S^X is an almost-complex Gorenstein 
orbifold. We can therefore consider the associated Chen-Ruan (or orbifold) cohomology ring 
i/Qj^(5"X, Q) which is Z-graded and depends only on the deformation class of J (see |Ch-Ru] . 
|Ad-Le-Ruj . [Fa-GoQ . 

After works by Lehn-Sorger and Li-Qin-Wang, Qin and Wang developed a set of axioms 
which characterize -ff^j^(S'"X, Q) as a ring (see |Ad-Le-Ru] ): 

Theorem 4.8. |Qi-Wa| Let A be a graded unitary ring and {X, J) an almost- complex compact 
fourfold. We suppose that 

(i) A is an irreducible 'H(^H*{X,C)) -module and 1 is a highest weight vector. 

(ii) For all a in H*{X,C) and for all i N, there exist classes 0^{a,n) G such that if 
2!)j(a) is the operator of product by ^Oj(Q,n) and = t) is the derivation, 

n 

(1) ya,(3GH*{X,C),ykeN, [S);,(a),qi(/3)] = qf^(a/3). 

(2) If S-^ is the class in H*{X,Q)^^ mapped by the Kiinneth isomorphism to the cycle 
class of the diagonal in X^ , > : q q q : (5^) = —6 c). 

Z—/ (j '3 

Then A is isomorphic as a ring to Hq^(^S"'X,C) . 

In (2), we used the physicists' normal ordering convention 

: q, q, q, : = q^ q^ q^ , where {/i, I2, /g} = {l[,l'2, 13} and l[ < I2 < I3. 

'1 '2 '3 1 2 '3 

We apply this theorem to prove Ruan's conjecture for the symmetric products of a symplectic 
fourfold with torsion first Chern class. 

Theorem 4.9. Let {X, u) be a symplectic compact fourfold with vanishing first Chern class 
in H'^{X,Q). Then Ruan's crepant conjecture holds for S^X, i.e. the rings i7*(x'"^,Q) and 
Hq^(^S^X,Q^ are isomorphic. 

Proof. Let 0^(a,n) = k\ (3^(a,n). Then (1) is exactly Proposition [531 The relation (2) is a for- 
mal consequence of the Nakajima relations and of the formulae [q^(Q), qm(/5)] = —nm qn_|_m(a/3), 
q^(a) = n£„(a). □ 

5. The cobordism class of X^"! 
In this section, (X, J) is an almost-complex compact fourfold, and no symplectic hypothe- 

[nl 

ses are required. The almost-complex Hilbert schemes X are endowed with a stable almost 
complex structure (see |Vo Ij ). hence define almost-complex cobordism classes. By a funda- 
mental result of Novikov |No| and Milnor |Mij . the almost-complex cobordism class of X^"^ 



is completely determined by the Chern numbers / P[c-^(X^"''), . . . , C2„(x'"^)] where P runs 
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through ah polynomials P in Q[T]^, . . . , Tg^] of weighted degree 4n, each variable having 
degree 2k. We intend to prove the following result: 

In] 

Theorem 5.1. The almost- complex cobordism class of X depends only on the almost- complex 
cobordism class of X . 

This means that if P is a weighted polynomial in Q[rj^, . . . , Tg^] of degree 4n, there exists a 
weighted polynomial ^[T^jTg] of degree 4, depending only on P and n, such that 

/ P[q(xl"]),...,C2jx["l)]= / P[c,{X),c,{X)]. 

This result has been proved by Ellinsgrud, Gottsche and Lehn in |El-Go-Le] when X is projective. 
Let us describe briefly the main steps of the argument and the tools we need. 

Let J'^'^^ be a relative integrable structure in a neighbourhood W oi Zn- Then the relative 
Hilbert scheme (VF|,g}, J'^''^) is fibered in smooth analytic spaces over S^X, so that we can 

consider its relative tangent bundle T '^''^ Vl^|,"j which is a continuous complex vector bundle on 

T^|,"j. It will turn out that the class [^"'^'^^ V^j."]] in K{X^^^) is exactly the class of the 

tangent bundle TX^'^\ where x'"^ is endowed with the differentiable and stable almost-complex 

structures constructed by Voisin in |Vo Ij . Therefore, the JC-theory class of TX^"^ can be 
understood via the tangent bundle of classical Hilbert schemes. 

The main idea in |El-(;t5-Lej is to relate x'"^^' and x'"' x X via the smooth incidence Hilbert 

scheme ^^1"+-'^'"]^ xhe essential step in their argument is the explicit comparison in 

of the classes of Tx'"' and TX^'^'^'^\ This is carried out using the explicit description of TX^"^ 

as prj^^ 'Hom^J'n, On), where J7n is the ideal sheaf of the incidence locus Yn ^ x'"' x X and On 

is the structure sheaf of Yn- So it appears necessary to consider coherent sheaves and not only 
locally free ones. 

In the almost-complex setting, the coherent sheaves have no equivalent. Instead of working 
directly on the almost-complex Hilbert schemes and the associated incidence varieties, we use 
the corresponding relative objects, which can be considered as homotopically equivalent to the 
original ones, but possess a much stronger structure: they are fibered in analytic spaces over 
a singular basis. Each fiber consists of the initial object (Hilbert scheme, incidence variety,...) 
associated to an open set of X with an integrable structure on it. The almost-complex Hilbert 

fnl [nl 

scheme X will be for instance replaced by the fibration W^^i over S^X associated to a relative 
integrable complex structure J^"^^: the corresponding fibers are the integrable Hilbert schemes 

In the appendix (Section [6]), we develop a general formalism for relative coherent sheaves on 
spaces X/B fibered in smooth analytic sets over a differentiable basis B with quotient singular- 
ities, such as W^^j . These relative smooth analytic spaces carry a sheaf which is the sheaf 
of smooth functions holomorphic in the fibers (see Definition 16. ip . 

Intuitively, a relatively coherent sheaf on a relative smooth analytic space X over i? is a 
family of coherent sheaves (7-"^,)^^^ on (Xj,)^^^ varying smoothly with b and locally trivially on 
X. If we take relative holomorphic coordinates on X, the local model for X is Z x V, where Z 
is a smooth analytic set and V is an open subset of the base B. Then the local model for a 
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relatively coherent sheaf on Z xV is pr^^ Q ^ _^ ^z^xv^ where ^ is a coherent analytic sheaf 

P^'l 

on Z (see Definition 16 .Sp . 

The usual operations on coherent sheaves (such as internal Horn, tensor product, dual, pull- 
back, push-forward and the associated derived operations) can be performed on relatively cohe- 
rent sheaves for smooth morphisms holomorphic in the fibers satisfying some triviality conditions 
(see Definitions 16.31 and 16 .jp . For the push- forward, we will only have to deal with the situation 
where the map is finite on the support of the sheaf, which is technically much simpler than the 
general case. 

In this context, it is possible to construct a relative version of the usual analytic X-theory 
for coherent sheaves (see Definitions I6.1UI and 16 .12]) as well as associated operations. 

This being done, it will be necessary to consider relatively coherent sheaves as elements in 
topological X-theory. This is achieved by the following proposition: 

Proposition 5.2. If is a relatively coherent sheaf on a relative smooth analytic space 3C over 
B and X' is relatively compact in X, then := T admits a resolution on X' by 

complex vector bundles (£'j)^^^^^. Besides, the element := X]£i(~l)*~^ [-^J K{X') is 

independent of E,. 

According to this proposition, it is possible to associate to any relatively coherent sheaf J- on 
a relative smooth analytic space X a topological class [J-°°] in lim K{X') and therefore Chern 

x'ccx 

classes in lim H*{X' ,7^). Besides, the class depends only on the relative class of J- in 

x'ccx 

K^'^^{X) by Proposition 16.161 (i). 

This device enables us to carry out the proof of |El-Go-Le] in a relative context. 

5.1. The relative incidence sheaf. In this section, we introduce the relative incidence sheaf 
Cn^^ and we compute its Chern classes. We will use the following notations. 

- W is a small neighbourhood of the incidence locus Zn in S^X x X. 

- Jn*^^ is a relative integrable structure on W parametrized by S'^X. 

Definition 5.3. The relative incidence locus is the relative singular analytic subspace of 
^rei ■^S"X ^ defined by 

2)n = {(^, w, x) in l^j,"} Xg„^ W such that w G supp(^)}- 
The fibers (2)^ x)xgS"X usual incidence loci in wj^^ x W^. 

Definition 5.4. The relative incidence sheaf is the relatively coherent sheaf on 

^rei ^5"X "^^^ associated ideal sheaf will be denoted by Jn'^^ . 



By Proposition 15.21 On^ defines a topological class in lim K{X') and therefore by 



restriction a class in x X) which is independent of J,[°^ by Proposition 16.161 (ii). 

Definition 5.5. The classes /i^ „ in i72»(x'"^ x X,Q) are defined by /i^ „ = Ci(C'r')|^[„]^^. 
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~ Let W he a small neighbourhood of the incidence locus ^ in S"'X x X and J^'^l a relative 
integrable structure parametrized by S'^X x X. For {x,p) G 5"X x X, VF^"^^'"' is smooth ( |Ch] . 
[Ti]). Therefore, is a relative smooth analytic space over S'^X x X. 

- Let D^'^^ be the relative exceptional divisor in defined by 

D^^^ = {(^, w, X, p) in T^j,"]^"'^'"^ such that w G supp(^)}- 
Then D^'^^ is a relative singular analytic divisor of Tvj.gj^"'^'"^ , and we get an associated rela- 
tive holomorphic line bundle O^^^ [—D'^'^^^ on T^jl"]^^'"''. Let p: ^["'+^'"] — be the residual 

morphism and a : x'"^^'"' — s^x'"' x X be the morphism {X,p). 

Definition 5.6. We define a class I in {X^''^^'''\ Q) by / = q [©'^'(-D^^i)] 

The class / determines the Chern classes of the relative incidence sheaf in the following way: 
Proposition 5.7. For all i, n in N*, p^ ^ = 

Proof. We recall well known facts from the classical theory (see [Da], |Ch) . |Tij ) . If X is a 

In] 

quasi-projective surface and Yn is the incidence locus in ^ x X, then: 

(i) i7 admits a locally free resolution of length 2. 

(ii) ~ F(J^ ) and is smooth. 

(iii) If O^A^B^J^ -^0 is a resolution of , vr : F{B)^X^''^ x X is the 

projection and s is the associated section of 7r*^*(l), then s is transverse to the zero 
section. 

Property (iii) follows from (ii) since the vanishing locus of s (with its schematic structure) is 
isomorphic to IPfiTy- )• Note that we use here Grothendieck's convention for projective bundles. 

We adapt now these properties to the relative setting as follows. First we can suppose that 
W, W, Jn^^ and Jj^i satisfy the compatibihty condition: W Xgnx {S"'X x X) C 1^ as relative 

smooth analytic spaces. Let 2}„ be the relative singular analytic subspace of ivj,"}^'"'^^ defined by 

2)„ = {(^, If, x,p) in such that w G supp^}- 

If we consider the following diagram 

^3 x^.^W^ (VfS x^„^ W) x^„^ {S-X X X) c . 



S^X ^ — S'^X X X 5"X X X 

In] 

X X X embeds into the three relative smooth analytic spaces in a compatible way with the two 
morphisms on the first line. Therefore ~ [«] • ^^^^ denote the two relative 

smooth analytic spaces VF^gj"^^'"^ and IF|.gj^^^' by 3£ and j£' respectively. 
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Let us take a family of charts |(/)^ : il- x V-—^W^ } on W, where the O^'s are (possibly non 
connected) open sets in C^. They provide relative holomorphic charts ^j"'''^'"' and (/(N^^^' of X 
and X'. For each index i, we pick a locally free resolution — ^ — ^ — ^ J'y^ . — ^ of 

In] 

length 2 of J7y . , where ■ is the incidence locus in ^^i- By the very construction of global 
smooth resolutions for relatively coherent sheaves (Proposition 16.111 (i)), there exists a global 

resolution — ^ A — ^ B — ^ J~^^'°° — ^ of length 2 of J-'^^''^ (g) ^.^i such that for all i 



2Jn ° 21„ 



^ Ai°° — B^ — J-"^''"" ^ is a sub-resolution of the global one. Let vr : ¥{B) -^X' 

2)n 

be the projective bundle of B and s the section of vr * A * (E> oo C^^n (1) obtained by the morphism 
7r*A — ^ TT*^ — ^ C]^g^(l) . Then we have the following result: 
Lemma 5.8. 

(i) The vanishing locus Z{s) of s is canonically isomorphic to X. 

(ii) After performing base change from S^X x X to X^ x X, the section s is transverse to 
the zero section. 

(iii) If j is the embedding of X into F{B), then 0^^{—D^^^) ^^vd — * ^p(B)(-'^)• 
Proo/. (i) We argue locally on X'. In relative coordinates {z,v), the local resolutions of 

is of the form — T*" T'^^, where T = and M is a (r + 1) x r matrix with holomor- 
phic coefficients in the variable z. We can locally split the injection of Af^ in A. The global 
resolution of j'J:^^''^ [g therefore locally isomorphic to — ^ T*" ® — ^ qp'^+i qpm where 

^ • Over a small open set of X' , ¥{B) is the trivial projective bundle with fiber 

P''+"'(C)* and s is given in coordinates by s{u, z,v){a, P) = n(M(z)a,/3), where u e P'"+™(C)* 
and (a,/3) G the coordinates in the fibers of 7r*A. Therefore, 

Z(s) = \^{u,z,v) such that u^^^n = and for all a G C, u[M{z)a) = O}- 

This implies that if we consider the local embedding ¥{Bf^) ^ ¥{B) over X' given by the 

splitting of the local resolution in the global one, then Z(s) lies in ¥{Bf°). It can be seen 
straightforwardly that the embedding of Z(s) into ¥{B^) is independant of the splitting. Let 

vf : P(i3j) — ^J^l"' X Q- be the projective bundle of B^ and J the section of vf *A*{1) given by the 

morphism 7t*A^ — ^ — ^ ^p(B-)(^)" "^^^^^ ^(s) = and s is transverse to the zero 

section. This proves that over fij"^ x Q,- x V, Z(s) = Z(s) x V = Q^^~^^'^^ x F so that Z(s) is 
abstractly isomorphic over 

(ii) In local coordinates, if for any u G P^^™(C)* we define = u^^^+i and U2 = u^^^n, then 

s is given near its zero locus by s{u,z,v) : {a, 13) — ^(J{u^, z){a),U2{(3)) . After base change, 
the variable v lies in the smooth manifold x X and s is clearly transverse to the zero section 
since s is. 
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(iii) We have a chain of morphisms i^j'^"*"-^'"! c ^F{B^)'^ ^P(S)~ where the last 

morphism is only defined locally on P(i3°°). To conclude, notice that C'p^|joo-)(1) is canonically 
isomorphic to O^'^V— Drei) ~ and that the restriction of C^„. _ to F(B^) is canonically iso- 
morphic to C^goo)(l). □ 

Since P(^) = [F{B) -Xg^XxX (-^" ^ X)]/6n, Lemma Ol (ii) implies that the homology 

class of the vanishing locus of s in Hg^^g{¥(B),'Q) is Poincare dual to the top Chern class of 
TT*A* (8)^00 C]^g^(l). Let us consider the following diagram: 



rel 



lie = q(C;^g)(l)) G H^{nB)M): then by Lemma EH] (iii) , I = j * e Now 

k=0 k=0 

We have used here the Gysin morphism 0"^.^^^ with Q-coefficients, which is possible since X and 
X' are rationally smooth. To conclude, we consider the diagram 



X' ^ ^X'"' X X 

and get: 



□ 



5.2. Computation of TX^"^' in X-theory. Let be a neighbourhood of the incidence locus 
Zn in S"'X X X and J,[''' a relative integrable structure on it. 

Definition 5.9. We define as the class of the locally O '^{^j -free sheaf T in K'''\w^^^). 

^^rel 

The topological class of k,^ can be described as follows: 

In] 

Lemma 5.10. The restriction to X of the topological class associated to is the class of the 
complex vector bundle TX^"^ in K{X^^'^). 
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Proof. If J^^' satisfies the conditions (C) listed in |Vo 1] page 711, then is smooth. Be- 



7 



sides, the construction of the almost-complex structure done in [Vo 1] shows that Tx'"^ and 
T'^'^'T^I,"] , ] have the same class in K{X^"^). An arbitrary J^'^^ can be joined by a smooth path 



{'^n%}t^[o 1] 8'iiother relative integrable structure satisfying the conditions (C). By rigidity of 
the topological JC-theory, the class of T '^'^^ , J^^l] ^^[„] in Ki^X^""^) is independent of t. This 
yields the result. □ 



Remark 5.11. For an arbitrary J^"^ , X is only a topological manifold (see [Gril ]). Therefore, 



rrel T^[n] 

the advantage of using r'^'^'H^j."] instead of Tx'"^^, is that this complex vector bundle is defined 
for any relative integrable complex structure. 

Proposition 5.12. In -f^'^'^'(W^l.el)' the following identity holds: 

Proof. We have TW^^l = p^nom{jr\On^) . Since supp {On ) has relative codimension 2 in 
^rei ^S'^-x £xf {p^^ ,0^*^^^ = for i < 2. Besides, Jn'^^ locally admits a free resolution of 



length 2. Hence we get the following equalities in -f^ (W^j-g} ^ s^x 

J--'^ . Of = nom{j^^\ of) - £xt' ( Of) + £xt'{j^^\ Of) 

= nom{j:^\ Of) - Sxt' {Of, Of) 

= nom{j:'\Of) - £xt^{Of,0''') 

= nom{j^^\Of)-Of'^ 

so that p,nom{j^''\ of) = [(O"-^' - Of") . Of + Of"] □ 

5.3. Comparison of TX^ and rx["+y via the incidence variety x["+i "]. Let be a 
neighbourhood of ^„xi S^X x X x X and J^xi ^ relative integrable complex structure 
on W. Let us consider the following morphisms over 5"X x X: 

* Pvel ' ^rel^^ '^' — is the residual map. 

^ p is the first projection lyj,"]^^'"' Xs"XxX ^ — ^ M/^|.gi^^'"'- 

* If / : X — ^X' is a morphism over S^X x X, we define 

fw ■~ f ^5"XxX i"^VK • ^ '^S^XxX ^ ^5"XxX 

* V '■ W^j.gi^"'^'"^ ^rc/"^^ • ^lei^^'"^ ^ ^rei Canonical projection 

maps. 

We introduce the following relatively coherent sheaves: 
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* On^^ and O^'^^ are the relative incidence structure sheaves on Xs"XxX ^ ^^'^ 

* £ = O'^^— D^gj), where D^^^ C M^j,"!"^"^'"' is the relative exceptional divisor. 

* Aj.g[ is the relative diagonal in W s"XxX^ ^^'^ i associated structure sheaf. 

Then we have the following properties which are immediate consequences of the same results in 
the integrable case: 

Lemma 5.13. 

(i) On VfJ^^'"] x^„^,^ W we have j^^.^C = p*C® pU^wOII,- 

(ii) We have an exact sequence on lyj,"]^^'"^ ^s^XxX 

jreuC ^ ^n' ^ 0. 

(iii) PrW<.=/'V<.' ^wO:i, = i^wO:i, and ct>^ 6'^''' = 4>w Ol'' ■ 

We suppose that there exist a neighbourhood W of Z^j^^ in x X and a relative integrable 

complex structure J^+i on it such that W = W ^^n+i^ {S'^X x X). This means that for all 

{x_,p) in S'"X X X, W^^p = W^up and Jnti,x,p = •^n+i.xup- '^^^'^ S^* '^^^^ morphisms 

(see Definition l6.3l (ii)) obtained by composing ■0 and ip^r with the base change map from S^'^^X 
to S'"X X X given by {x,p)^ xU p . Then ip^O^^l^ = O^^^ Let k„ be the class of 
T'-^VH ini^'^^i(W^;3). 

Proposition 5.14. In K'^^^ (W^^^^'"'^) we have 

r ^! ^relV /^V ^! T^^relV ! ^rel 
— L, .a^^lUj^ — L, ./Jj-el-f^VK •''^rel'-^n • 

Proof. Letp: M^j.gi^"'^^ — ^^^["1^^^ be the projection on the first factor. By Proposition 
[5T21 ^'K-n+i — "0 'f * (C,^+i + Cn+1^ ~ ^n+1 • ^n+O ' ''^^^ Consider the cartesian diagram 

re\ ^S^XxX ^ '^'^ rel ^S"+^X 

P 

rel '^'^ rel 

where the first column lies over S'^X x X and the second one over S"^~^^X. Since p is finite 
on supp(C'^^]^) , we obtain by Proposition 16.131 (iv) and Lemma 15.131 (i) and (ii) the following 
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relations in K [W 



rel/TT/[n+l,n] 



rcl 
1 rel 



rol V 



, relV\ 



rel,W 



I rel 



!/^V J. 



1 rcl V ^ ! 

rcl 



1 rcl 



If a: vf: X, 



W — ^M/^ip is the projection on the first factor, then by Proposition 15 .12] , 



% ~ Q*{C^n^^ + Cn*^'^ — On^^ . On"^"^) SO that, sincc q is finite on supp(On'^'), Proposition 16.131 
(iv) yields: 4>'k„ ~ P*4>w{^n'^ + ^n'^'^ ~ ^n^^ ■ Cn'^'^)- We also consider the diagram 



^^rel ^5"XxX 



W ^ W X cn 



n+l, n] 
rel 



where all the terms are over S^X x X. Since r is injective on A^.^^, by Proposition 16.131 (iv) 
again. 



^•P*(j-reuO;U.l-'A;^0r'")-^"-^'*f(PrewOr' )" ^' 



/rjrel 



Now O 



rel _ ^/^rel ^/^relV 

rcl rcl 

•rel V 



K^^"^ and if 5 : W — 'Xs"XxX ^ diagonal injection, 

-rel V 



Pmiw^'f"^ = PTe\w^*^w'' = jreuPrci^w^ ^ thanks to Proposition |6J^ (v) and to the 



diagram 



W. 



[n+l,n] -'r 



rel 



w 



Wxs^xxxW 



□ 

5.4. Cohomological computations. We are now going to consider the identity we obtained in 
Section [5.31 from a cohomological point of view. Recall that the classes p- in if-^^fx'"' x X, Q) 
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are defined iJ-^ = c-(On*'')|^[„] ^- Let us consider the following maps: 

X 
p 

n+l, n] 



X 



X'"' X X 



X 



n+l] 



Lemma 5.15. 

(ii) On''') = (A,id)>i„. 

(iv) q(p;,iT'-^V)|^[„+i,„, =p*c,(X). 



(/,,id)*C,(C^). 



Proof. By Lemma [6.151 (ii), the classes </>'k„, i;^>yj/ On''' and al^^ in topological if-theory are 



independent of the relative integrable structure J^xi- Therefore, we can suppose that there 



exist a neighbourhood W of Z„ in S'^X x X and a relative integrable structure Jn*^^ on it such 
that W Xgnx {S'^X X X) C W. This means that for {x,p) in x X, VK, C VF^ and 



J 



rcl 



•^n'^i' Then (i), (ii) and (iii) are straightforward. 



nx 1, a;, piiy 

For (iv), let W = W X gnj^ X, where the base change morphism is given by the diagonal 
injection of X in S"'X. We consider the following diagram: 



W 



n+l, n] ^I'cl 



rel 



w 



A 



^[n+l,n] ^ ^ 

P 

Then, Ci{p*^^T"'^W)^^[r.+i,u] = p* c^{T"'^W) Since T? is a neighbourhood of in X x X, 
T'-^'W?!^ ~ TX, so that q (T'^'^W^) |^ = c,(X). 

For (v), we extend the structure J^xi 3- relative integrable structure J^xixi ^ neigh- 
bourhood W of -^„xixi such that for any (x,p, q) G 5"X x X x X near the incidence locus p = q, 
the equality Jnxixi,x,p,q = '^nxi.x.p holds. This means that W x^^xxx {^"'X x X x X) C 1^. 
We define W hy W = W X grij^ xX xX ^ base change morphism from S^X x X x X 

to X X X being given by (x, a;') I — *- {S{x), x, x') , where 6 : X — ^S"'X is the diagonal injection. 
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Then we consider the diagram: 



W rel 'XS"XxXxX W 



Pral, W 



W Xsr^XxXxxW 



^[n+l,n] ^ ^ 



(P.id) 



X X X 



X X X 



If AI2^ is the relative diagonal in W x^^^ W, then [Cj.ei] = [C~ ] in x X). This gives 
the result. □ 
Remark 5.16. Let d- be the i-th Chern class of C°° in H'^^X x X,Q). By [ATHi| . is a 

universal polynomial in c^{X) and C2{X) with rational coefficients. 
Proposition 5.17. 

i 

(i) For a// i,n m N*, (z^, id) - (A,id)*;Uj „^ = ^pi"i l'' . (p, id) * di-k, where n^ ,^ and I 

k=0 

are defined in \5.5\ and \5.6l 

(ii) For all i, n in is a universal polynomial in the classes I, 
p*c-{X) anda*ii^^^. 



Proof. This is a consequence of Lemma 15.151 Lemma 15.131 (i) and (ii) , and of Proposition 15.141 

□ 

We are now going to perform the induction step. 

Proposition 5.18. If n,m are positive integers, let P be a polynomial in prg c.(X^"^^'), 

P^Ofc ^in+i' P^kl ^i' P^fc '-j(^) (1 ^ ^ ^)> which are cohomology classes on X^"^^' x X™. 
Then there exists a polynomial P depending only on P, in the classes analogously defined on 



^[n] ^ ^^^^ ^^^^ 



P 



P. 



Proof. We consider the incidence diagram 



xX)xX''- 



Since (i^, id) and (cr, id) are generically finite of degrees n + 1 and 1, 

P=^^ I (cJ,id)*(z^,id)*P. 
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By Proposition 15.171 (ii), {v,id)* pvQ Cj^^X ) — (ct, id) * prQ* (X ) is a polynomial in the 
classes pr^ I, {a, id) * pr* c^{X) and {a, id) * pr^^ fi-^^. 

By Proposition [521 ((T,id)*/* = (— 1)' prg*]^ /Uj „. Thus, (cr, id)* (z^, id) * prg* q (x'"^"*^^) is a 
polynomial in pr^^ fi- „ and pr^ Cj(X). 

By Proposition l5.17l (i), {v, id) * prp*^ /x^ ^^^^ — {a, id) * p^q*^,^]^ /x- „ is a polynomial in the classes 
prQ I and (a id) * pr^*;. . Then we can use Proposition 15.71 again. 

To conclude, we use the relations (z^, id) * prj^^ = {a, id) *prj^_^_i d- and {u, id) * pr^ Cj(X) = 
(a,id)*pr,Vc,(X). □ 

We can now finish the proof of Theorem 15.11 We write 

where P is a polynomial in the classes prj^ c^{X) and pr^i d^. Since d^ is a polynomial in c^(X) 
and C2(-'^), we are done. 

□ 

6. Appendix 

Our aim in this appendix is to develop a general framework for sheaves on spaces which 
are fibered in smooth analytic spaces over a differentiable orbifold. This formalism is somehow 
heavy but necessary to carry out the computations of |El-Go-Le] in a relative setting. 

6.1. Relative analytic spaces. Let M be a smooth manifold and let G be a finite subgroup of 
Diff(M) (in fact, any effective differentiable orbifold would do, but no such generality is required 
here). Let B = M/G. If p : M — is the projection, B will be endowed with the sheaf of 
rings :=p^[Cf^.^) . 

Definition 6.1. 

(i) A relative smooth analytic space over B is a ringed topological space (X, O^^) endowed 
with a surjective morphism vr : (X, O^^^ — ^ [B, C^) such that (X, O^*^') is locally on X 

isomorphic over B to a ringed topological space of the type (Z x V, O^^^y), where V is 

an open subset of B, Z is a smooth analytic space and 0^l,y is the sheaf of differentiable 
functions on Z x V which are holomorphic on the slices Z x {v}, v € V. 

(ii) Let (X, ) be a relative smooth analytic space over B and let 3 be a subset of X. 
We say that 3 is a relative analytic subspace of B if for all a; E X and for all relative 

holomorphic chart (p : Z x V—^ Ux , '/'~^(3j[/ ) = Z' x V, where Z' is a (possibly 
singular) analytic subset of Z. 

Remark 6.2. 

- If (X, O'^^^) is a relative smooth analytic space over B, the fibers {^b)bGB smooth 
analytic sets, but they do not form in general a fibration over B, since the projection map tt is 
not proper. However, they locally vary in a trivial way on X. 

- The main example of a relative smooth analytic space we can keep in mind is W^^ei over 
S^X where is a neighbourhood of the incidence set in S"'X x X, endowed with a relative 
integrable structure parametrized by S'^X. 
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We now introduce morphisms between relative smooth analytic spaces. 
Definition 6.3. 

(i) Let X and X' be two relative smooth analytic spaces over B and / : X — ^X' be a 
continuous map over B. We say that / is a morphism if for all x G X we can find 
trivializations of X and X' around x and f{x) in which f : Z x V — ^Z' x V has the 
form {z,v)\ — > {g{z),v) , where g: Z — ^Z' is holomorphic. 

(ii) Let X and X' be two relative smooth analytic spaces over B and B' and / : X — ^X' 
be a continuous map. Wc say that / is a weak morphism if there exist a smooth map 

u : B — ^B' and a morphism / : X — ^X' x ^, B over B such that / is obtained by 
composing / with the base change morphism u: X' x^, B — 
Remark 6.4. 

~- If X and X' are two relative smooth analytic spaces over B and B' , a continuous map 
/ : X — ^X' over a smooth map u : B — ^B' which is holomorphic in the fibers is not a weak 
morphism in general. 

- Weak morphisms can be characterized by their expression in suitable charts as it is the 
case for morphims. Indeed, / : X — ^X' is a weak morphism if for all x G X there exist 
trivializations of X and X' around x and f{x) in which f : Z x V — ^Z' x V' has the form 

{z,v)\ — [g[z),u{v)), where g: Z — ^Z' is holomorphic and u: V — ^^V' is smooth. 

- The term "morphism" has to be carefully understood because morphisms cannot a priori 
be composed in this context. 

6.2. Relatively coherent sheaves. We introduce now the main object of our study. 
Definition 6.5. Let X be a relative smooth analytic space over B. A sheaf J" of O^^^-modules 
will be relatively coherent if for all x £ X, ii cp : Z x Ux is a trivialization of X in a 

neighbourhood Ux of x, there exists a coherent sheaf F on Z such that 

j^-lx- ^, -1^^ /old 



as sheaves of 0^*!^y-modules. 
Remark 6.6. 

- If X is a relative smooth analytic space over B and 3 is a relative analytic subspace of X, 
then O^^^ is a relatively coherent sheaf on X. 

- A relatively coherent sheaf on X can also be defined by glueing conditions: it is given 

by a family of relative holomorphic charts {^j : Z^x V^-^U^ }^ with transition functions 

(pji : Z^^ X V-j Zj- X Vj-, and a family of coherent sheaves on {Z-} together with 

isomorphisms 



^7/ 



rel 



of sheaves of O ^'^^ -modules satisfying the usual cocycle condition. 

- Let T he a relatively coherent sheaf on X given by a family of sheaves {J-'jjjgj. Then, for 
any b e B, if J = {i e I such that b G V^}, the sheaves {^jjjgj on {Z- x b}-^j patch together 
into a coherent sheaf on X^, which we will denote by Tj^. 



TOPOLOGICAL PROPERTIES OF PUNCTUAL HILBERT SCHEMES 



25 



The glueing procedure allows to perform standard operations for coherent sheaves in the 
relative setting. 

Definition 6.7. 

(i) Let J- and Q be relatively coherent sheaves on X given by two families {-Fj} and \Qi\- 
The sheaves Ext^{T ^Q) and Tor^{F ,Q) are defined by the families {Sxtp^ i^iiGi)} 

and {Tor^^ We put 'Hom{T,g) =£xt°{T,g) and T ^ G = Tor°{T,g). 

(ii) Let / : (X, Oo^'^') — be a weak morphism between relative smooth analytic 
spaces. Let {<Ai}jg/ and be two families of charts such that: 

- / C J and f{Ui) C 

- In the charts 0j and f has the form {z,v)\ — ^ {g^{z)^u^{v)). 

If ^ is a relatively coherent sheaf on X' given by a family {G j} j^j, the sheaves Tbr^{Q, f) 
are defined by the families iTor^, ^ (gi^Qi, O^)} .We put f*g = Tor^iG, /). 

(iii) Let / : (X, O^^^ — ^ (X', O^}^ be a morphism of relative smooth analytic spaces over B 

and J- a relatively coherent sheaf on X such that for all b £ B, f^^ is finite on supp(J-"^). 
Let {(pj^, U-}-^j and {(p'j, U'^} -^j be two families of charts such that 

- J C / and f-^{U'j) n supp(J') C Uj. 

- If Wj is a neighbourhood of f~^{Uj) Ci supp(J^), / : Wj — ^Uj has the form 

{z,w)h^ {gj{z),v) . 

If J" is given by a family {-T^jjjg/i the sheaf f^J- is defined by the family {dj^-^j} j^j- 

Remark 6.8. 

- For all b in B, 

£xt\T,G\ = £xt%^y,,G,), Tor\T,g\ = Tor'h^^iT.^g,), 

- The finiteness hypothesis will be verified for the computations of Sections 15.21 and 15.31 
Therefore, we need not construct direct images in full generality. 

- It is straightforward that 'Hom{F^Q) = Tiom^^^i{T,Q), F ®Q = ^ f*G = 

f~^G ^ rci and that f^T is the usual direct image of by / via the morphism 

O^^ — *-/*C'^'^' . The associated derived results are also true and are consequences of Lemma 

16.91 (i). Thanks to the finiteness hypothesis, there are no higher direct images i?*/*- 

6.3. Analytic X-theory for relatively coherent sheaves. We are now going to define mor- 
phisms of relatively coherent sheaves. The natural idea is to consider the relatively coherent 
sheaves on (^X,0^^) as a full subcategory of Mod(C'^'^'). It is not appropriate because this 
category would be non-abelian. Before giving the definition, we start with a preliminary fiatness 
lemma which will be essential in the sequel. 

Lemma 6.9. Let U be an open set o/M", G a finite group acting smoothly on U, V = U/G 
and let Z be a smooth analytic set. Then 
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(i) 0^^l,y is flat over pr^ ^ O^, 

(ii) C^^y is flat overpv^^O^. 

Proof, (i) Let 6 : U — be the projection and 7W be a sheaf of prj~^ O^-modules. Then 

(5,id)-i(X® C^,y) = (5,id)-iA^® (C,^)^=.[(5,id)-iX® Cx^]^. 

Since the functor J^i — ^ from Mod(^(C^^fj) to Mod[(C^^^)'^] is exact, it suffices to 

prove that C^^jj is smooth over pr^^ O ^. If y is a real-analytic manifold, we will denote by Cy 
the sheaf of real-analytic functions on Y. Then, is flat over O^, C^^u is flat over pr^^C^ 
and C^^jj is flat over C^^c/ ^'Y |Mal Th 2]. 

(ii) As in (i), it suffices to prove that O^^l^jj is flat over prj'^ O^. Let k = [(n + l)/2j. Then 
[/ X can be seen as an open subset U in ([;;("'+'^)/^_ gy (Mai, Th 2 bisl, O'^*'^ ~ is flat over O 

and O -is flat over pr7^ Oy. Thus C''^ ~ is flat over pr7^ Oy.liq: Z x U^Z x [/ is the 

ZxU ^ 1 Zy.Y ^1 ^ ^ 

projection, q^^O^^^^jj is a direct factor of C>^^^^~ (as prj""*^ O^-modules) , so that O^^l^jj is flat over 

prr' Oz- □ 
This being done, the definition of a morphism of relatively coherent sheaves runs as follows: 

Definition 6.10. Let T and Q be relatively coherent sheaves on a relative smooth analytic 
space {X,0^^^). A morphism u € Hom ^ci{J^,Q) will be said to be strict if for every x G X 

and any trivialization (j): Z x Ux in a neighbourhood of x, there exist two isomorphisms 

- P^T^-^'^nr-io ^^xF and =i P^r^^ "^or-io ^ZxV' ^^^ere J" and G are 

coherent on Z, and v in Hom (J^, such that the following diagram commutes: 



Remark 6.11. Let (X, O^'^^) be a relative smooth analytic space. Lemma 16.91 (i) implies that 
the category Coh'^'^'(X) of relatively coherent sheaves on X with strict morphisms is an abelian 
subcategory of Mod(C^'^'). 

Definition 6.12. Let (X, O^*^') be a relative smooth analytic space. 

(i) We define the relative analytic K -theory of X by 

i^-'^^X) = limE:(Coh'""\x')), 

where X' runs through relatively compact open analytic subsets in X. 

(ii) In the same way, if 3 is a relative sub-analytic space of X, the relative analytic X-theory 
of X with suppoort in 3 is defined as 

K3"'(X) = limi^(Coh|^'^,(X')), 
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where Coh^f^^,{X') is the abehan category of relatively coherent sheaves on X' supported 
in 3 and X' runs through relatively compact open analytic subsets in X. 

As for coherent sheaves, we can define usual operations on relative analytic i^T-theory. Here 
is a list of these operations: 

(i) The product. A product from K'^^^{X) <S)^ K'^'^^{X) to K'^'^^{X) is defined by 



T.g = Y,i-'^)'Tor'{j^,g). 



k>0 

Similarly, if 3 is a relative analytic subspace of X, a product with support from if '^^^(jE)®^ 
K^''\X) to Kf{X) is given by the same formula. 

(ii) The dual morphism. It is an involution of K'^^^{X) given by 

fe>0 

(iii) The pull-back. If / : [X,0^^) — ^(X'jO^f) is a weak morphism, the pull-back map 

j\. K'''\X')^K"'\X) is defined by 

f-g = Y.i-i)''Tor\g,f). 

k>0 

If 3' is a relative analytic subspace of X' , we also have a pull-back morphism with 
supports f' : Ky^{X') — ^K^^i^y^{X') given by the same formula. 

(iv) The Gysin map. If / : (X,0^^) — >(X',C>^f) is a morphism and 3 is a relative an- 
alytic subspace of X such that for every b in B, ff^ is finite, the Gysin morphism 

/* : K^'^^{X) — ^K^^^{X') is induced by the exact functor /* : Coh^°\x) — ^Coh(j£'). 
We now list all the properties we need relating the operations introduced above. 
Proposition 6.13. 

(i) // (^X,0^^) is a relative smooth analytic space, if"^^(X) is a unitary ring. Furthermore, 

if is a relative analytic subspace of X, K^^ {X) is a module over 

(ii) The pull-back morphism in relative K-theory is contravariant and the Gysin map is 
covariant. 

(iii) The projection formAda holds. More precisely, if f : X — ^X' is a morphism, 3 a relative 
analytic subspace ofX such that /|-^ is finite, T a relatively coherent sheaf on X supported 

in 3 and g a relatively coherent sheaf on X! , then f*{T . f^V) = f*J^ ■ g ■ 

(iv) Let X be a relative smooth analytic space over B, X' and A be two relative smooth 
analytic spaces over B' and f : X — a weak morphism; f induces a weak morphism 

f^ : X (A x^, B) — A. Lety be a relative analytic subspace ofX'x^A such 

that the projection q: X' Xb A — ^X' is finite on 3'; and let 3 = /^^(3')- consider 
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the diagram 

X (A x^, B) — X' x^ A 

p Q 

X ^X' 

f 

as well as the following pull-back and push-forward operations: 

/■ : K'''\X')^K'''\X) fl : Kf{X' x^ A)^i^f [Xx^ (A x^, B)] 

: i[X x^ (A x^, B)] -^K^'^iX) : Kf{X' x^ A)^K''\x') 

Then, for every Q in Coh.y{X' A) we have f^'q^G = P*f^G in K^'^^{X). 
(v) Let X, A be two relative smooth analytic spaces over B, X! a relative smooth analytic 
subspace of A and f : X — ^X' a morphism. Consider the cartesian diagram 



^ (id,i°/) 


X X 








/ 






/a 

■ 


X' ^ 


X' X 




(id,i) 



as well as the following pull-back and push-forward operations: 

/■ : K'^\X')^K'^\X) fl ■ K'^\X' x^ A)^Kf{X x^ A) 

{id,i),: K'''\X')^K'^\X' x^A) (id,io/),: K"'\x)^Kf{Xxj^A) 

Then for every relatively coherent sheaf Q on X' , we have /^(id,?)*^ = (id,io/)^/'^ in 
KfiXx^A). 

Proof, (i) If J-", G and Ti are relatively coherent sheaves on X, for each X' open and relatively 
compact in X, we have a spectral sequence such that 

(Ei^^ =TorP^,^,{Torl^,AJ',G),-H) 
|i?S'' = GrpforJte?(^,a,^). 

and E2''' = except for finitely many couples {p, q). Furthermore, by Lemma [6.9l (i). the sheaves 
£2''^ are relatively coherent on X' and the morphisms c?!'''^ are strict. Therefore, for all r > 2, 
the sheaves Er''^ are relatively coherent and the morphisms dl'''' are strict so that 

i-iy+'^Ei'^ = Y,i-'^rTor;;^f{^,g,n) 

p,q>0 n>0 ^' 

m K'''\X'). This gives the result. 

(ii) The proof is similar to the proof of (i), using spectral sequences associated to the com- 
position of two functors. 

The proofs of (iii), (iv) and (v) are done in the same way. We will prove (iv). 
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(iv) Let X e X. We take charts Ux ~ Z xV and f^jj-^,) '^^ Z' xV' such that / : Ux — has 
the form {z,v)\ — ^ {g{z),u{v)) , where g: Z — ^Z' is holomorphic and u: V — is smooth. 
Let 5^,. ..,5^ G A such that g'i(/(x))n3 = ufL^{f{x), 6j . We take a chart f/^^^...^^^ c^YxV' 
in a neighbourhood of the 5.'s. Then the diagram looks locaUy on X' as foUows: 



(g,id,u) 

Z xY xV — ^ Z' xY xV 



Pri3 



Pri3 



Z xV ^ Z' X V' 

Furthermore, 3 = 3 x F where 3 is an analytic subset of Z x y and P^ii^ is finite. Then for any 
analytic sheaf ^ on Z' x y, we have 

(5,n)*pr,3,(pr7/g^ Oz'Wxy) - P^ia* (5, id, n) * (pr"^ ^ Oz''xyxV")- 

Taking the derivative with respect to G and using Lemma 16.91 (i), we obtain the result. □ 

6.4. Topological classes. In Sections 16.21 and 16.31 we have constructed a theory for relative 
coherent sheaves as well as associated operations. It remains to obtain cohomological informa- 
tions about these objects. To do so, we will construct global smooth resolutions for relatively 
coherent sheaves. We start with a general result about smooth resolutions. 



Proposition 6.14. Let M be a smooth manifold, G a finite group o/Diff(M) and Y = M/ q. 

-,oo 

■-y 



Let % he a sheaf of Cy -^nodules which admits a finite free resolution in a neighbourhood of any 



point y £ Y. Then 

(i) Ti admits a finite locally free resolution in a neighbourhood of any compact set ofY. 

(ii) Two resolutions ofH in a neighbourhood of a compact set are sub-resolutions of a third 
one. 

Proof. We will use several times the following lemma: 

Lemma 6.15. Let Y = M/G and let — ^ T — ^ Q — ^ T-L — ^ be an exact sequence ofCy- 
modules on an open set ?7 C y such that % is locally free. Then this exact sequence globally 
splits on U. 

Proof. It is sufficient to prove that Ext^oo(C/, = 0. The £xt =^ Ext spectral sequence 
satisfies 



U,Extl^{n,F) 

Since H is locally free, £xt'^{'H, = for g > and since Horn oo {T-L, is a fine sheaf, E^^ = 
for p > 1. Therefore all the terms E^''^ vanish except E2'^. This implies Ext^oo (U,'H,J-) = 0. □ 

(i) Let K C y be a compact. We choose a finite covering (t^j)x<j<rf of ^ open sets 

i^i)i<i<d ^^^^ ^^^^ ^ i — "^1^ admits a finite free resolution. Using smooth cut-off 

functions, we obtain for each i a complex of sheaves 

^ [C^Y^^ ^ ^ (C~)"»i ^ H ^ 
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d ^ d 

which is exact in U,-. li E = ^ [Cy ) and vr := ® vr^ : E — , the morphism vr is surjective. 

i=l 1=1 

Let A/"^ = kerTT- and M = kervr. We have an exact sequence: 

Thus M.J J is locally isomorphic to © (Cy ) Furthermore A/'j admits a finite free 

I i 

resolution of length — 1. Thus J\f admits a finite free resolution of length at most — 1 in 
a neighbourhood of every point in K and we can start the argument again. After at most A^ 
steps, the kernel will be locally free. 

(ii) Let (-E^)-^^^^^ and (-^i)i<j<7v finite locally free resolutions in a neighbourhood of 

K. Suppose that we have constructed {G^^^.^^ and injections E^^ ^ and F,'^ ^ 

Let Qj^ = Gj^/Ef^ and Rj^ = Gj^/Fj^. The sheaves Q^, . . . , Q^, R^, . . . ^R^ are locally free. Let 

= ker(i?, - AT^ = ker(F, ^ F,_,), Nj! = ker(G, ^ G,_,), Q, = ker(Q, ^ Q,_,) 

and i?^ = ker(i?^ i?^ -^). Then Q^, and i?^ are locally free. We have two exact sequences 

^ A^^. ^ A^^' -^Qj^^O and ^ A^^ ^ A^^' ^ ^ 0. By Lemma [6T5l A^^' ~ 

Nk®Qk^N'k® Rk^ and we define = {E,^, © Qj © {F,^, © i?,). We put G^^, = N'^, 

to end the resolution G . □ 

• 

We apply now this result in our context. Let be a relatively coherent sheaf on a relative 
smooth analytic space X over B, where B = M/G. Then X = (j£ M^/G and XXg M is 
smooth. Furthermore, by Lemma 16.91 (ii), the sheaf := © ^^.j locally admits finite 

-free resolutions. By Proposition 16.1^ (i), admits a globally locally -free resolution 

E^ on any relatively compact open analytic subset X' of X. Besides, Proposition l6.14l (ii) implies 

that the element X]i^i(— 1)*~^ [-E^] in K{X') is independent of the chosen resolution E^. 

In conclusion, we can associate to each relatively coherent sheaf on X a topological class 
l^jrooj limK(X'), where X' runs through all open relatively compact analytic subspaces of X. 

X' 

We now state properties of this topological class: 

Proposition 6.16. Let X be a relative smooth analytic space over B. 

(i) The topological class map from Coh'^'^^(X) to limi^(X') factors through K^'^^{X). 

X' 

(ii) Let T he a relatively coherent sheaf on X (B x [0,1]) and for all t G [0,1], let 
i^ : X x^ (B X {t}) — x^x{t} ^ t^' associated base change morphism. 
Then the class [i^J^°°~\ in limK(X') is independent oft. 

X' 

Proof, (i) We must show that if — — Q — ^ "}{ — is a strict exact sequence of rela- 
tively coherent sheaves, then [F°^] — [G°°] + [71°°] = 0. This sequence is locally isomorphic 
to 

^ prr^ F ©^^_.^^ Of^y pr^' Q ©^^_,^^ Of^y pr',^ U ©^^_,^^ Of^y 0, 
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and is obtained by extension of the structure sheaves from an exact sequence of coherent analytic 

sheaves — ^ T — ^ Q — ^ H — ^ on Z. We can construct locally free resolutions E— , E- , 

T,» g,» 

E— of J^, ^, H related by an exact sequence — ^E— — ^ E- — ^ E— — > 0. Using cut- 

off functions again, we patch these exact sequences together step by step and obtain resolutions 
Ej^oo Egoo -E'^oo , of J^°°, Q°°, 'H°° on X' related by an exact sequence 

(ii) Let X' be an open relatively compact analytic subset of X and E^ be a resolution of 
on X'. The class a{t) = Eili(-l)'"^ [*t* ^i] in K{X') is independent oft. Since is fiat over 
^Bx[o 1]' '^^^^ ^[0^1]' ^^^^ ~ [^t*-^""] in K{X'). □ 

Remark 6.17. If 3 is a relative analytic subspace of jC, there is also a topological class map 
with support from Coh2'^^(X) to limiC^i-^^, (X') which factors through K^^^(X). 

X' 
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